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It is shown that if X isans-distancesubset in R", then IXl-'_=_(dsS}. 

O. Introduction 

A subset X in a metric space M is called an s-distance subset in M if there are s 
distinct positive distances ~1, c~o, ..., ~, and all the ~.~ are realized. 

La rman- -Roge r s - -Se ide l  [5] proved that tXl~(d+ 1)(d+4)/2 ibr a 2-distance 

subsetinRd. Subsequently, Bannai--Bannai[I]provedthat [X]<{ d+ss)+t(d+s-ljs- 1 
for an s-distance subset in R e. (That is, [XI<(d+ 1)(d+4) /2  for s = 2 ) .  Then Blok- 
huis [21 has shown that  IXl~(d+ 1)(d+2)/2 for a 2-distance subset in R e. In the 
present paper we will generalize the result o f  Blokhuis [2] tbr all s--_--2. Namely,  we 
prove:  

Theorem I. l f  X is an s-distam'e subset in R'L then we hare 

d+  s ) 
IXl < 

S 

Our basic idea of  the p roof  o f  Theorem 1 is the same as that o f  Blokhuis [2]. 
However,  in order to prove the result for all s~2, we had to overcome certain 
technical complications. Theorem 2 and Theorem 3 which may be o f  independent 
interest, serve this purpose. A classical formula ol' Hobson on spherical harmonic  
plays an important  role in the p roof  o f  Theorem 2. 

We acknowledge that Theorem 1 was also proved by Blokhuis [3], independ- 
ently. 
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2. Theorem 2 

In this section the following theorem, which may be of  independent  interest, 
will be proved:  

Theorem 2. Lel x~ . . . . . .  va be independent variables, and let us write #i=O/~)xi. 
Le t  0 ~ l ~ . s ' + l .  Then we hate." 

the space spamwd  by ,ah, ab.,_ ..O~,,(xt + x~ + " ~ = " + x a ) :  b t + - -  +ba " ~ ' - / + 1 }  U" t t,,2 . . . . . . .  

= the space spanned by {x~.x*., '-'. ...v~< al + -.. + a a  = / -  l }. 

(2s-l-l-d" I 
Remark.  Theorem 2 is also stated in the following way. There are [, d -  l ) partial 

+ with + +  q" 
% 

monomia ls  x~'x~ ~ .... x'~ with a~ + . . .  +ad  = l - -  I. 
( 2 s - I  + d ]  , ( I -  2 + d ]  

L e t M h e t h e [  d - I  ) × [  d - I  ) matrix whose entries (of  each row) are 

the coefficients o f  each c)~' . . .h .,. .... .i),l~(x~+ ... +.x'])" with respect to .',l .... ~ .  Then M has 
maximal  rank. Tha t  is, 

( I - 2 " - d ]  if / = 0 . 1 ,  s + l ,  and (1) rank of  M = (  d - I  3" ' " '  

[2s / + d )  if I = s - L l , . . . , 2 s .  (2) rank of  :14 = ~ d -  I " ' 

In order  to prove Theorem 2 we first quote Hobson ' s  formul~i: 

Proposition 2.1. (Hobson)  Le t  P,(01 . . . . . .  Od) be homogeneous polynomial  o f  degree t 
and let F(x~ + . . .  +.v~) be a f imct ion q/" r"=x~.+. . ,  q Xd. Then 

(2.1) P,(~)~ . . . . .  0 , ) [FCv~+. . .  +x~)] = k k! d(re),_k F.  A k P,(:q . . . . .  xj) ,  

where A is the Laplacian. 

Proof. See Hobson  [4, page 126, Eq. (6)]. Also. Hobson ' s  formula  is easily proved 
by induction on the degree of  t in P,(Ot . . . . .  i),~). We may  assume wi thout  loss of  
generality that  P, is a monomia i  o f  degree t. then apply  0, to get 

~ t - 2 k  

[i), P, (tit . . . . .  i)d)] V(r"-) = ~ ~ {Y' k (,.e) [Ak ;), p,] _, 2x, Y u ~ + ~) (r ~) a " P ,  

"7)t--2k +-1 

- ---~FU-k+~(r"-)[x~AkP'+2kAk-~i)~P']k! 
i, 

But x l A a P , + 2 k A a - a = A k ( . v ~ P , )  so we are done  by induction. [I 

Proof  of Theorem 2. We need only a special case of  Proposi t ion 2.1 to prove  Theo rem 
2. I f  H,(.v~ . . . . . .  Vd) is a homogeneous  harmonic  polynomial  of  degree t then 

(2.2) (H, -e j ( i ) ,  . . . . .  g)AJ) tx '~  + . . .  + x~)" = M(s ,  d, z,.i)r2'~-t+J~It,_.,.j(x, . . . . .  x~), 
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So (2.2) 

(2 .6)  

( t ÷  d -  
Thus, tbr t>s ,  P,~-0 and M has rank t d - 1  

( = s + l )  . . . . .  2s+ l .  For t > s .  M has rank 

where M ( s , d , t , j ) > O  lbr t - 2 j ~ O  and t - s : < j ,  and M ( s , d , t , j ) = O  otherwise. 
In fact, the relation 

(2.3) A(H,_ . , j (x~  . . . . .  x j ) r  ~-j) = 2 j ( d + 2 t - 2 j - 2 ) H , _ . , 4 ( x ~  . . . .  , xd)r ''i-'- 

coupled with Proposition 2.1 gives the following formula: 

ra in  ([r#'~]. i ) 2t--2k 
(2.4) M ( s ,  d, t , j )  = w - - s ( s - I )  ( s - t + k - l ) ) . ( t . j )  

k = m a x t t - - s , O )  

... ) . ( t - 2 1 ( _ 2 , . i - I ( + 1 ) ,  

where 2 ( t , j ) = 2 i ( d + 2 t - - 2 j - 2 ) > O .  (ln fact, it is easy to evaluate the sum in (2.4) 
but we do not need this result.) 

We iliad explicitly which polynomials P,(?)~, ..., #d) annihilate (x{+.. .  +x])  ~ 
for Theorem 2. This gives us the rank of  the matrix M. Let P,(6~. . . . . .  6d) be written 
uniquely as 

[~1,_,] 

(2 .5)  P, Ca, . . . . .  o,,) = Z H , _ . , ; ( &  . . . . . .  O~)A;.  
. i - l l  

implies that P,(6,  . . . . .  6,1)(-v~+ " . . .÷xa) =0  if and only if 

t - - S - - 1  

P,(O~ . . . .  , i)a) = ~ '  H,-~s(c)~ . . . . .  ;)a)A ~. 
j = (i 

, + ,  

t--s--I 
(2.7) dim Horn ( t ) -  z .  v 

.i=11 

Cleraly, here the rank is 

dim Harm ( t - 2 j )  = dim Harm (2s--t). 

,+,,_,) (,+,,2) 
d - I  = d - 1  if 1 =  2 s - t + l  

This completes the proof  of Theorem 2. 1 

3. Theorem 3 

In this section we prove the following theorem which may also be of independ- 
ent interest. 

Theorem 3. For i =  1, 2, ... , N let mi~R and .v(i)=(y(zi) , . . . . .  l 'd~i))~R d. [701" fi'x('d 
integers O ~ l -  l ~ s  suppose 

N 

Z ,hi II x - .l'(" II 2, 
i = l  
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is a polynoniial  in x=(x~ . . . . .  Xa) o f  degree ~ 2 s - l .  Then 

N 
. X  mdV~i) )  . . .  (""))"":~ = 0 

i = l  

j b r  an.v non-negalire imegers aj ,  ..., a d such that 0 ~a~ + . . .  + a a : 4 1 -  1. 
h' 

Proof. W e h a v e  that ~ '  mslix )'t;)!la~ is a polynomial  o f  degree ~ _ 2 s - I  in x~ . . . . . .  v a 
i = l  

if and only if 

(3.1) i)~' ~)~" " " i)~" { ~ m ' ll x -- v~ i'l[2") = 

for :all b~,b.,. . . . . .  b e with 2 s - I + l - - b l + . . . + b a ~ 2 S .  By Theorem 2 we have 

(~" ,,(i)~ad ( x ~ -  y[%"'  . . . . .  , .,d , 

- -  X ~ ,  . . . . . . . . .  ... ~,,,*,,,, . . .  i)~, [ (x~ - ~ i "  )~ + . . .  + ( x ,  - o,,"))q" 
b 1-" . . .  " b a ~ 2 . s -  I ~  1 

for some real numbers c 2 ' ; ' "  which do not depend on i. 
So, as polynomials in x~ . . . .  ,xa ,  we have 

~Y mi (.v~ -y~i))" '  ... (xd --)'~i))"" 
i = 1  

N 

= X ,n, Z ~,r°'...~,,,,~;~' . . . . . .  a ~ " ( ( . ¥ , - y I ' ) ~ +  + ( x , - y ~ ' / T )  ~ 
i := 1 b 

N 
a l  ... a d  . . . . . .  . = Y Cb,...b~ X"',#~ Oa°"((x,-Yl")+ +(x,,-ya~'~)e) e = 0. (By (3.1).) 

b i = 1  

By putting x~=x,2=.  . . . .  va=0,  we get the desired result. 1 

4. Completion of Proof of Theorem ! 

Let A" be an s-distance subset in R a with s nonzero distances ~ ,  ..., cq. Let 
U S  s e t  

(4. l) Fy(x) : ]~ ([] I.'-- x ] [e - -~) /1}  ~z~. 
i - I  i = 1  

In order to prove Theorem I, we have only to show that the functions 

(4.2) f;,(x), ( y q X ) ,  and 

are linearly independent functions on R e, because it is shown in [1] that  the space 

~1,{ spanned by, these functions is of  dimension at most [ ,v J + and because 
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the space spanned by s ~,;.~,~;.= ,';"" 0 ~ 2, + ' < - 1 } is o f  dimension ( d + s -  Ijl ~..~ ~2 ...... ~ . . . .  + / . ~ = s  t s -  I " 

Suppose that  

(4.3) X C y F y ( x ) +  X C~,.~.. ..... ;.~..x'~" ... xJ" = O, 
EX fl < 21+  . . .+ ) .d  < S - - 1  

where Cy(.rEX) and the Ca ...... ,;., are real numbers .  We want  to show that  these are 
all 0. For  this purpose,  it is enough to show that  

(4.4) ~ C,,y~" ... y~'" = 0 for 0 ~ 2 ~ + 2 ~ + . . .  ,-[-)-d ~ S- -1 .  
yL,tf 

If we choose x = u E  X in (4.3) we get ( -  1 )~C, ,+~  C,;ux=O. Multiplying this by C, 

and summing  over u yields 

Cy.rl )2" .-..v,~'" = 0. (4.5) (--I) ~ X C,;-'+ Z C,.,.~ ...... ;.," Z ,;" ',;~ 
yt~X 11<,;.1+.. .4 ,l.d ~_~ S -- 1 y'~X 

Then (4.4) implies that  

(4.6) ,~  C~. 2 = 0, and so 
y EX 

(4.7) C y = 0  for all y~X.  

Finally, (4.3) now implies Ca, ..... ~ = 0 .  
Now,  we want  to prove (4.4) by induction o n  2 1 + . . . + } .  d. Compar ing  the 

coefficients o f  x 2-' in (4.3), we have 

(4.8) .~  C~, = 0. 
YE X 

So, we assume that  

(4.9) . ~ C , , ) , ~ ' , . . . y ; d , , = O  for all 2t . . . . .  )~d with 2 ~ + . . . + J ~ d ~ - l - - 2 ,  
y(: X 

and we prove that  

(4.10) 

"~ C~,.!,~" l,~ "" = 0 for all )-l. 2d with ,,~,1-t-.. + 2  d ~ 1 - 2  if I ~ s. 
y (  X 

Next, we equate  coefficients o f x  '-,~-(t-~) in (4.3). For  0 ~ [ ~ s ,  the second term 
has no such terms. So the coefficient of.x "'~-~t-l) in ~ '  Cy F~,(.v) is zero. We conlpute  

yCX 

this coefficient in another  way by expanding (4.1) to find 

(4.11) Z C,F>,(x) = Z C,, ~ A, IIx-y[I "-~~ " =  ~ A, X C,.llx-Yll""-" 
.vEX y ( X  t = o  t = o  yE X 

for some real numbers  0CA0,  A1, ..., A~. Clearly ~ C~.Nx-yil ~('~-') is a homoge-  
y E X  

neous polynomial  in x and 3' o f  degree 2 ( s - t ) .  By our  assumpt ion (4.9), the y terms 
of  degree 0 to / - 2  vanish. So, as a polynomial  in x, .~  Cyl lX-rN ~('-t) has degree 

yEX 
2 ( s - t ) - ( I - 1 ) .  Thus the only term in (4.11) which allows degree 2 s - ( l - I )  terms 
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in x is t = 0 ,  and ~ c ~ l l x - , t l  '~ is a polynomial in x of  degree ~_2s-( l - l ) .  How- 
y6X 

ever, there are no terms in _~Y CyFy(x) with xdegree2s - ( l -1 ) ,  so ~ C~,llx-yfl 2~ 
yC_ X y~: X 

has degree ~ 2 s - ( l - l ) - l .  So Theorem 3 (with N=IXI ,  mi=Cy)  implies (4.10). 
Thus, by induction we have shown (4.4). This completes the proof  o f  Theorem I. II 

Remark. It would be interesting to know whether there are s-distance subsets in 
R a which attain the equality in Theorem I. We do not know any such examples with 
s~2 at present. 
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