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1t is shown that if X is an s-distance subset in R4, then |[X|= [d_’:“v] .

0. Introduction

A subset X in a metric space M is called an s-distance subset in M if there are s
distinct positive distances &, s, ..., &, and all the o; are realized.

Larman—Rogers—Seidel [5] proved that {X|=(d+ 1){(d+4)/2 for a 2-distance

. . . d {+s—1
subset in RY. Subsequently, Bannai—Bannai [1] proved that |X|< ‘ 1»5) + [‘ ji { ]
for an s-distance subset in R%. (That is, |X|<(d+1)(d+4)/2 for s=2). Then Blok-
huis [2] has shown that |X|=(d+1){d+2)/2 for a 2-distance subset in RY. In the
present paper we will generalize the result of Blokhuis [2] for all s=2. Namely, we
prove:

Theorem 1. If X is an s-distance subset in RY, then we have
d+s
X| = [ ]
s

Our basic idea of the proof of Theorem 1 is the same as that of Blokhuis [2].
However, in order to prove the result for all s=2, we had to overcome certain
technical complications. Theorem 2 and Theorem 3 which may be of independent
interest, serve this purpose. A classical formula of Hobson on spherical harmonic
plays an important role in the proof of Theorem 2.

We acknowledge that Theorem 1 was also proved by Blokhuis [3], independ-
ently.

! Supported in part by NSIF grant MCS7903128 AOI.
? Supported in part by NSF grant MCS.
AMS subiject classification (1980): 05 B 99; 51 M 99.



148 E. BANNAI E. BANNAI and D. STANTON

2. Theorem 2

In this section the following theorem, which may be of independent interest,
will be proved:

Theorem 2. Let ~y, ....x, be independent variables, and ler us write 0,=0[0x,.
Let 0=l=s+1. Then we have:

the space spanned by {04 0%a(xi+ X34 42D b+ by = 251+ 1}

= the space spanned by {x$1x§2.. x%: a;+ ... +a; = -1}
. . . . 2s—14+d .
Remark. Theorem 2 is also stated in the following way. There are [ gd_ ll_( ] partial

. . : ! . =2+
differential operators %1052, .d5 with b;+ ... +b,=2s—/+1, and there are [ d—ﬁ{)

monomials x{'x§2.. x§ with o+ ...+ag;=/—1.

— — 2+
Let M be the (ZSdl—{-(l] /[/ Jo d] matrix whose entries (of each row) are

the coefficients of each 0%r.. . dha(xi+ .. +x3) with respect to x4'...x4%. Then M has
maximal rank. That is,

D
(1) rank of A{:[l/-'ld]. if /=0,1.....5+1, and
Jd—

TVo ]
Q) rank of M = [“‘S ; ld
[4

]. if IT=s+1,..., 2s.

In order to prove Theorem 2 we first quote Hobson’s formula:

Proposition 2.1. (Hobson) Let P,(0,, ..., d,) be homogeneous polvnomial of degree t
and let F(xi+...+x3) be a function of r*=xi+...+x5. Then

) ‘ . 1 zt—’k t~l‘ :
QDY Pdy, .. IPIF(xF+. 1D = L 2 - d(;’)‘ —_— F.Ak]P,(.‘cl,...,_\',,),

where A is the Laplacian.

Proof. Sec Hobson [4, page 126, Eq. (6)]. Also. Hobson's formula is easily proved
by induction on the degree of r in P,(d, ....d,). We may assume without loss of
generality that P, is a monomial of degree £ then apply ¢, to get

-2k

/\

[P (D ooy OV F ) = 3 LF () [d4 0, P]4-2x; FU R0 () AR P,
I3

=2k 1

:%’"

But x,4%P,+2kA*~1=A%(x,; P) so we are done by induction.

FUK0 () [ ARP, 4 2k 44 =10), P,]

Proof of Theorem 2. We need only a special case of Proposition 2.1 to prove Theorem
2. If H,(x;....,xs) is a homogeneous harmonic polynomial of degree ¢ then

(22) (Hy—aj(dys oo 0 AN+ XD = M(s. d, 1, )2~ TDH, _y (3, o X),
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where M(s,d, t,/)=0 for t+—2j=0 and 1—s=j, and M(s,d, 1,j)=0 otherwise.
In fact, the relation

(23)  A(Ho_gj(xys ooy 5 1%) = 25 (d 20— 2] =2V H, g (¥ ooy X2

coupled with Proposition 2.1 gives the following formula:

min([ri2]. ) o1 —2k .
(2.4) M(s,d, 1, j) = > == (s—1+k=DAt ) .

k=max{t—s,0) v
=2k 2, =k ),
where A(r, j)=2j(d+2t—2j—2)=0. (In fact, it is casy to evaluate the sum in (2.4)
but we do not need this result.)
We find explicitly which polynomials P,(9,, ..., d,) annihilate (x}+...+x5)

for Theorem 2. This gives us the rank of the matrix A7. Let P,(5,, ..., &) be written
uniquely as

[t/2] .
(2.5) P@i o0 = 3 Hi_gj(Dye s D)4,

J=0 o
So (2.2) implies that P,(5,..... 0 ) (xi+...+x5)*=0 if and only if
t—s—1

(2.6) PDie o) = 5 Hoyi (s D) A0

j=0

. —1 2s—1+4 .
Thus, for t=s, P,=0 and M has rank (fji] ]:[ Sd_l_d] if 1=2s—1+1

(=s+1),....2s5+1. For t=s, M has rank
t—s—1

2.7 dim Hom (— 2 dim Harm {(—2j) = dim Harm (25— .

i=u

Cleraly, here the rank is

(25—1‘—[—(1—1] _ (l+c17?_

T
-1 )= d—]] it l= 2=l

This completes the proof of Theorem 2. |}

3. Theorem 3

In this section we prove the following theorem which may also be of independ-
ent interest.

Theorem 3. For i=1,2, ..., N let meR and yO=({, ..., vNERL,  For fixed
integers 0=/—1=s suppose

N
> mylx— 0
i=1
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is a polynomial in x=(x;. ..., x,) of degree =2s—1. Then

N
2 (i L (e =0
i=1
Jor any non-negaiive integers ay. ..., ay such that 0=a+...+a;=1-1.

Proof. We have that Zm ix —»)* is a polynomial of degree =2s5—/ inx,, ..., x,
i=1

if and only if
I
3.1 s L o5 [ > m,|[,x—_v“"[|3~“] =0
i=1

for all by, by, ..., by with 2s—/+1=26+...+b,225. By Theorem 2 we have
(ry = 1) L (g gy

= 2 O L (O TR e R N € L Il

by bby=3s -1
for some real numbers C,,”"j_'j;";’ which do not depend on /.

So, as polynomials in xy, ..., x,, we have

N
2 om (g~ iim (xy— yiP)ea

i=1

N
= 3 ZCpopedh (g — v (xg—p )
i b

N
= DO om0 (o — )+ (= pP))E =0, (By (3.1).)
b

i=1

By putting x,=x,=...=x,=0. we get the desired result. ||

4. Completion of Proof of Theorem 1

Let X be an s-distance subset in R? with s nonzero distances ¢,, ....o,. Let
us set

4.1 Fo(x) = H(II) — x| *az)/

i=1

)

l

ﬁmﬁ

In order to prove Theorem |, we have only to show that the functions
4.2) Fo(x), (¥€X), and
{xprade xf 0= A0+ A =s—1)
are linearly independent functions on RY, because it is shown in [1] that the space

N . . . . d+s d+s—1
W, spanned by these functions is of dimension at most( Tq] +[ j—_‘ i ] and because
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e d+s—1
the space spanned by {x{1x§.. . x}4:0=4,+ ...+ 7,=s—1}is of dimension s—1 |-
Suppose that

(4.3) Z C".E‘,(.x)“{" 2 C}-|.l:,<..,).d . .\'{'l e .\‘;d = 0,
cX

O<i +..+A,<s—1

where C,(y€X) and the C,, , are real numbers. We want to show that thesc are

all 0. For this purpose, it is enough to show that

(4.4) 2 Gyt vy =0 for 0=Jy+/l+. .+ =s—1.

If we choose x=u€ X in (4.3) we get (—1)°C,+ > C,u*=0. Multiplying this by C,
i

and summing over u yields

(4.5) (=1 3 CH+ 2 Corneia® 2 Cyyiryge ... yie=0.
yex O<iyf...+d,=s-1 y<X
Then (4.4) umplies that
(4.6) > C:=0, and so
yex
(4.7) C,=0 forall yeX.

Finally, (4.3) now implies C;, ;=0
Now, we want to prove (4.4) by induction on Z,+...+72,;. Comparing the
coefficients of x* in (4.3), we have

(4.8) 2 C,=0.
yeX
So, we assume that

(49) 3 Coybr..yia=0 forall A ... 2, with A+..+i=1-2,
yEX

and we prove that
(4.10)

f{ Coyir..yje=0 forall 2.4 with AL+..+4,=1-2 if [=s
yeXx

Next, we equate coefficients of x2~U=Y in (4.3). For 0=/=ys, the second term
has no such terms. So the coefficient of x»~!~" in 2 C, F (x) is zero. We compute

this coefficient in another way by expanding (4. l) to find

@1 3 CF,(x) = Z’C S Alx—yen = 34, cux—\u’“ "
yeX = 0 \

t=>0 [

for some real numbers 0= A,, A, ..., A,. Clearly >/ C,.ll.\'—)'ll'l““) is a homoge-
vex

neous polynomial in x and y of degree 2(s—¢). By our assumption {4.9). the ) terms

of degree 0 to /—2 vanish. So, as a polynomial in x, 3 C,ix—y[[**~" has degree

yex
2(s—1)—(/—1). Thus the only term in (4.11) which altlows degree 2s—(I—1) terms
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in xis r=0, and 2 C,x—|* is a polynomial in x of degree =2s—(/—1). How-
A\
ever, there are no terms in 5’ C, Fy(x) with x degree 2s—(/— 1), so 2 Cllx — >

has degree =2s—(/— l)—l So Theorem 3 (with N=[X{, m;=C)) 1mplles (4.10).
Thus, by induction we have shown (4.4). This completes the proof ot Theorem 1.

Remark. It would be interesting to know whether there are s-distance subsets in
R which attain the equality in Theorem |. We do not know any such examples with
s=2 at present.
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